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Abstract 
The metrizability number of a space X, m(X), is the smallest cardinal K such that X can 
be represented as a union of K metrizable subspaces; the first countability number, fc( X), is 
defined analogously. In this paper we study the relationships between m(X), fc(X), 1 X 1 
and other invariants of spaces. We show that for a large class of compact Hausdorff spaces 
those three invariants are equal. 
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In [7] we considered the following general question: 
If a compact Hausdo$f space is representable as a union of a number of “nice” 
(e.g., ,metrizable, first countable) subspaces, then what can be said about the space 
itself? 
The aim of this paper is to discuss the converse question, that is: 
How many “nice” subspaces does one need to cover a space belonging to a certain 
class of compact HausdorJf spaces? 
The metrizability number of a space X, m(X), is the smallest cardinal number K 
such that X can be represented as a union of K metrizable subspaces. Similarly, 
the first countability number of a space X, fc(X), is the smallest cardinal number K 
such that X can be represented as a union of K first countable subspaces; the 
discrete metrizability number of a space X, dm(X), is the smallest cardinal number 
K such that X can be represented as a union of K discrete subspaces. Clearly, 
fc(X) G m(X) G dm(X) < I X I. 
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We adopt the usual notation for cardinal functions considered here. In particu- 
lar, X(x, X) is the character of x in X; 9(x, X) is the pseudocharacter of x in X. 
Also, w(X), r&X), d(X), and s(X) denote, respectively, the weight of X, the 
netweight of X, the density of X and the spread of X. Terms not defined here can 
be found in [2] or [lo]. All spaces are assumed to be Tr. 
Let us begin by computing the metrizability number and the first countability 
number of some known spaces. 
Example 1. Let X be the one-point compactification of an uncountable discrete 
space. Then fc(X) = m(X) = dm(X) = 2. 
Example 2. Let X be the Alexandroff duplicate of the unit segment [0, 11. Then 
fc(X) = 1, m(X) = 2, dm(X) = I X 1 = 2”. 
Example 3. Let X be the one-point compactification of the space !P (see [6,51]). 
Then fc(X) = 2, m(X) = dm(X) = 3. 
Example 4. Let X be the top and the bottom of the lexicographic square. Since X 
is hereditarily separable, every metrizable subspace of X has countable base. 
Therefore, if X= U{X,: (Y < K = m(X)}, where each X, is metrizable, then 
nw(X) < 0. K. Since nw(X) = w(X) = 2”, 2” < K. Since K =G I X I = 2”, m(X) = 
2”, and so dm(X) = 2” as well. Note that fc(X) = 1. 
Example 5. Let X= [O, K], where K is a regular uncountable cardinal. Since every 
metrizable subspace of X is a nonstationary subset of K, X cannot be represented 
as a union of less than K metrizable subspaces. Hence m(X) = K. 
If K = or, fc(X) = 2. Let us show that if K > wi, then f&X) = K. Indeed, the set 
,!$ = {cy < K: cf(a> = wr} iS stationary in K. Since every first countable subspace of s 
is discrete, thus nonstationary, S cannot be represented as a union of less than K 
first countable subspaces. Hence fc(X) = K. 
Example 6. Let X = [0, K], where K is a singular cardinal. Suppose that h is a 
cardinal, A < K. There exists a regular cardinal p such that h < or. < K and or < p. 
Since [0, ~1 cX, h = fc([O, ~1) G fc(X). Hence fc(X) > A for any cardinal less 
than K and so fC(x) = K. 
Before providing next concrete examples let us show a general useful fact. 
Lemma 7. (a) For every topological space X, I X I = dm(X) * s(X). 
(b) If X contains no nontrivial convergent sequences, then I X I = fc(X) . s(X) = 
m(X) * s(X). 
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Proof. (a) If X = lJ{X,: (Y < K}, where K = dm(X) and each X, is discrete, then, 
since I X, I G s(X), 1 X 1 =G K . s(X) = dm(X) * s(X). Clearly, dm(X) * s(X) G I X I. 
Hence I X I = dm(X) * s(X). 
(b) If X contains no nontrivial convergent sequences, then every first countable 
subspace of X is Idiscrete. Therefore, as in (a), it follows that I X I = fc(X) es(X) 
= m(X) * s(X). 0 
Example 8. Let D be a discrete infinite space of cardinality K and let X be the 
Tech-Stone compactification of D, X= PD. Then s(X) = 2” and I X I = 22K. 
Since X contains no nontrivial convergent sequences, fc(X) = m(X) = dm(X) = 
22K, by virtue of Lemma 7. 
Example 9. Let X be an infinite extremally disconnected compact Hausdorff 
space. Since s(X) G w(X) and I X I = 2”‘(x) (see [ll), s(X) < I X I. Since X does 
not contain any nontrivial convergent sequences, fc(X) = m(X) = I X I, by virtue 
of Lemma 7. 
Example 10. Let X be the Cantor cube of weight 7, X= D’, where 7 = 2* for 
some infinite cardinal h. If Y is a discrete space of cardinality h, then PY embeds 
into X. Therefore, fc(X) > fc(pY) = 22h = 2’. Hence fc(X) = m(X) = 2’. 
Example 11. In [3], FedorZuk constructed a consistent example of a hereditarily 
separable compact Hausdorff space X such that X contains no nontrivial conver- 
gent sequences and I X I = 22w. Since s(X) = w, fc(X) = m(X) = ( X I, by virtue of 
Lemma 7. 
Example 12. Let X be a compact Hausdorff space such that m(X) = IZ, where IZ is 
finite. Then one can construct a compact Hausdorff space Y such that m(Y) = iz + 1 
as follows. Let {X,: (Y < WJ be disjoint copies of the space X and let 2 = @ {X,: 
(Y < wl}. If Y is the one-point compactification of 2, then m(Y) = y1+ 1. 
Thus for every positive integer IZ there exists a compact Hausdorff space X such 
that m(X) = ~1. 
We will prove now some general results about the first countability number and 
the metrizability number of spaces. 
A space X is called initially K-compact (cf. [ll]) if every open cover of X of 
cardinality < K has a finite subcover. 
A subset of X is called a GA-set if it can be represented as an intersection of 
G h open subsets of X. 
Lemma 13. Every nonempty GA-subset (A > o) of a regular space X contains a 
nonempty closed GA-subset. 
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Proof. Let U = n{V,: (Y < h} be a nonempty GA-subset of X, where each V, is 
open in X. Let x E U. For each (Y < h, let Fb, be a closed G,-subset of X such that 
x E F, c V,. Let F = n{F,: cy < A}. Then F is a required set. 0 
Theorem 14. Let X be an initially K-COmpaCt regular space and let X= U{X,: 
IY < K}, where K > w and x(X,) < K, for each (Y < K. If h is a cardinal such that 
w < h < K and if U is a nonempty GA-subset of X, then there exists x E U such that 
X(X, x> <K. 
Proof. Assume the contrary. Let Z be a nonempty closed GA-subset of X 
contained in U. Then x(x, Z) > K for each x E Z. Let Z, = Z fIX, for each 
LY < K. By induction we choose, for each (Y < K, a closed G,-subset F, of X such 
that the following conditions are satisfied: 
(i) {Fa: a! < /3} is centered, for each p < K; 
(ii) (n{F,:a<p})nZ,nF~=PI,foreachP<~. 
Since x(x, Z,) <K for each x E Z,, Z, is not dense in Z. There exists a 
nonempty closed G,-subset F, of Z disjoint from cl Z,. Let /3 <K and suppose 
that for each (Y <p we have chosen a closed G,-subset F, of Z such that {Fa: 
(Y < p} is centered. Let v = max( 1 p I, w). Then v < K and n {E;,: (Y < p) is a 
nonempty closed G,-subset of Z. Therefore x(x, fl{F,: (Y < /3}> z K for each 
x E n{E;,: (Y < p}. Since x(x, Zp> < K for each x E Zp, the set n{Fa: (Y < p} n Zp 
is not dense in n{F,: (Y < p]. Let I;p be a nonempty closed G,-subset of Z 
intersecting n{F,: (Y <p} and disjoint from n{F,: cy <p} n Zp. Let F = n{F,: 
a! < K}. Since Z is initially K-compact, F is nonempty. Let y E F. Choose p < K 
such that YEZ~. Then YE n{F,: aGp)nZ,. But n{F,: a~p}nZ,=@; a 
contradiction. 0 
Corollary 15. Zf X is a compact Hausdorff space and fc(X) < wl, then every 
nonempty G,-subset of X contains a point of countable character. 
Corollary 16. Let X be an initially K-compact regular space, where K is an uncount- 
able cardinal. If for some h < K there exists a nonempty GA-subset U of X such that 
x(x, X> > K for each x E U, then fc(X) 2 K+. 
Corollary 17. Zf K > w, then f&I”) > K+. 
Corollary 18. Assume the generalized Continuum Hypothesis, GCH. Let X be a 
compact Hausdorff space such that x(x, X) = K for each x EX, where K > w. Then 
fc(X) = m(X) = I x I = K+. 
Proof. By Theorem 14, fc(X) > K+. By the Tech-PospiSil Theorem (cf. [2, Theo- 
rem 3.12.111) and by ArhangelsE’s theorem (cf. [2, Theorem 3.1.2911, I X I = 2” = 
K+. Therefore fC(x) = K+. q 
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Corollary 19. Assume Martin’s axiom, MA. If X is a compact Hausdorff space and 
fc(X) G 2”, then X is sequentially compact. 
Proof. Let S be a nonclosed countable subset of X. Since fc(c1 S> < 2” and 
cl S - S is a nonempty G,-subset of cl S, by Theorem 14, there exists x E cl S - S 
such that X(x, cl S) < 2”. Hence, by MA, a subsequence of S converges to x (cf. 
[9, Theorem 1.71). Thus X is sequentially compact. 0 
In [4], FedorEuk constructed a consistent example of a compact Hausdorff space 
X such that I X I = 2” = 2”1= wz and X contains no nontrivial convergent se- 
quences. The space X cannot be sequentially compact. Thus, in view of Corollary 
19, we have the following theorem. 
Theorem 20. The following statement is consistent with and independent of ZFC: 
“If X is a compact Hausdorff space and fc(X) Q 2”, then X is sequentially 
compact”. 
Proposition 21. If X is a Hausdorff space, then: 
(a) I X I < m(X) * sLW; 
(b) I X I < fc(X) * w(X)@. 
Proof. (a) Let X= lJ{X,: (Y < K}, where K = m(X) and each X, is metrizable. 
Then, for each a’, d(XJ = s(X,) <s(X). Since for any metrizable space Z, 
I Z I < d(Z)“, it follows that for each (Y < K, I X, I G s(XY”. Hence I X I Q m(X) - 
s(x)“. . 
The proof of part (b) is similar. 0 
Corollary 22. Let X be a Hausdor- space. 
(a) If s(X>O < I X I, then m(X) = I X I. 
(b) If w(X)” < I X I, then fc(X) = I X I. 
As Corollary 18 of Theorem 14 shows, under GCH, for a large class of compact 
Hausdorff spaces the first countability number, the metrizability number and the 
cardinality coincide. We prove, below, a similar theorem without GCH (Theorem 
2.5) albeit for a smaller class of spaces. But first we prove two lemmas which may 
be of independent interest. 
Lemma 23. Let r be an uncountable cardinal such that +” = 2’ and for each h < r, 
2” < 2’. Then the following hold: 
(i) for each h < 7, 2” < r (i.e., r is a strong limit cardinal); 
(ii> cf(7) = w. 
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Proof. (i) Let A < r. Suppose that r < 2”. Then rw < 2”. Thus 2’ Q 2” which is a 
contradiction. 
(ii) Let {A a: (Y < cf(r)} be an increasing sequence of cardinals converging to 7. 
Suppose that cf(r) > wi. Then 7“’ = lJ{A”,: (Y < cf(r)}. Since A”, < 2’,, by (i), A”, < r 
for each (Y < cf(r). Hence r” < 7; a contradiction. 0 
Lemma 24. Let Y be a compact Hausdo$f space such that for each y E Y, 
x(y, Y) 2 r, where r is an infinite cardinal. If A < r, then Y contains 2’ nonempty 
closed disjoint GA-subsets. 
Proof. This is a consequence of the proof of the tech-PospiSil Theorem. In the 
proof of that theorem one constructs for each (Y <r and for each f E 2” a 
nonempty closed G,, , -subset A, of Y so that the following two conditions are 
satisfied: 
(i) if LY < p < T, then for each f e 2p, A, cAf, a; 
(ii) for each (Y < r and for each distinct f, g E 2”, A, n A, = @. 
It follows now from (ii) that Y contains 2” nonempty closed disjoint GA-subsets. 
0 
Theorem 25. Let X be a compact Hausdorff space such that for each x EX, 
x(x, X) = w(X) = 7 > w. 
(a) If cf(r) > w, then fc(X) = m(X) = I X I = 2’; 
(b) if cf(r) = w and for each A < T, 2A < 2’, then, under the Singular Cardinals 
Hypothesis, SCH, fc(X) = m(X) = I X I = 2’. 
Proof. By the tech-Pospigil Theorem and a theorem of Arhangelsk6, I X I = 2’. 
Let X= lJ{X,: (Y < K}, where K = fc(X) and each X, is first countable. By 
Proposition 21, 2’ < K * V. Since K * 7w < 2’, it follows that K . rw = 2’. Hence we 
can assume that r” = 2’. 
(a) Let cf(r) > w. Since r” = 2’, in view of Lemma 23, there exists A < r such 
that 2” = 2’. Suppose that K(= fc(X)) < 2’. Let 5%’ = {B,: (Y < 7) be a base of X. 
We define inductively a centered family IF,: (Y < T} of nonempty closed GA-subsets 
of X as follows: 
Let F,, =X. Suppose that p < r and for each LY < /3, I;, has been defined. Let 
HP = n{l;,: (Y < p}. Then HP is a nonempty closed subset of X. Also, x(HP, X) < 
r. Therefore for each x E HP, x(x, HP) =X(x, X) = 7. By Lemma 24, HP contains 
2”( = 27) nonempty closed disjoint G,-subsets. Let Dp = {x E HP: 3v < K (HP nX, 
= {xl)}. Then I Dp I < K < 2”. Therefore, there exists a nonempty closed GA-subset 
EP of HP such that EP n Dp = @. Let &?) be the smallest ordinal > p such that 
EP n %m f @. Notice that such an ordinal must exist. Otherwise, for each 5‘ > p, 
EP n B, = @. Therefore, for each x E Ep, {ED n Bg 6 < pl forms a base at x in EP. 
Thus X(x, Ep) < I /3 I. But EP is a GA-subset of HP. Therefore, X(x, HP) < A * I p I 
< r. This is a contradiction. 
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Let Eb be a nonempty closed GA-subset of HP such that Eb cEP n B,(a,. 
Finally, let FP be a closed GA-subset of X such that FO fl HP = Eb. Clearly, {Fa: 
LY < /?} is centered. The induction is complete. 
Let F= n{FU: (Y < T}. Then F is nonempty and we shall show that F is a 
one-point set. Suppose that F contains two different points, x and y. Then there 
exists p > 0 such that x E BP and y +Z Be. Since x E Ee, EP n BP # @. Therefore 
5(P) = P. Thus Y E B,,,, and hence y @ n IFa: (Y < p) 2 F. Thus F can contain 
only one point, say F = {x). 
Fix y < K such that x ‘X,. Since $(x, X,> ~0, there exists a G,-subset G of 
X such that G n XY = {x}. Let G = n{Q: i E w), where each Q is open in X. For 
each i E w there exists pi < 7 such that Hpi = n{E;,: (Y <pi} c L& Since cf(T) > w, 
there exists p < r such that pi < p for each i. Then HP = n{F,: (Y < B} c G. 
Therefore HP n X, = {x}. Thus x E DP and therefore x g Ea. Hence x @ n {F,: 
(Y < p}. This is a contradiction which proves that K = 2’. 
(b) Now, let cf(T) = o and suppose that for each h < 7, 2” < 2’. Then, by 
Lemma 23, T is a strong limit cardinal. Therefore, 2 <’ = su~(2~: h < T} < r. 
Hence, under SCH, 2’ = 7+ (cf. [8, Lemma S.l]). Therefore, by Corollary 16, 
fc(X) > 2’. Hence fc(X) = 2’. 0 
Corollary 26. Let X be a compact Hausdorff space, let 7 = w(X) and let cf(r) > w. 
If fc(X) < 2’, then for each A, w Q h < r, and for each nonempty GA-subset U of X 
there exists x E U such that x(x, X) < r. 
Proof. Let F be a nonempty closed GA-subset of X such that F c U. If for each 
XEF, X(x, F)= 7, then w(F) = 7. Therefore, by the preceding theorem, fc(F) = 
2’, which is impossible. Hence there exists x E F such that X(x, F) < T. Since 
x(x, X) =x(x, I;> .X(F, X), x(x, X) < 7. 0 
Corollary 27. Let X be a compact Hausdorff space, let r = w(X) and let cf(r) > w. 
If fc(X) < 2’, then Ix EX: X(x, X) < 7) is dense in X. 
The proof of the following corollary is similar to the proof of Corollary 19. 
Corollary 28. Let X be a compact Hausdorfjf space, let w(X) = w1 (respectiuely, let 
w(X) < 2”). Let fc(X) < 20x (respectively, let fc(X) < 2’“). Then (respectively, if 
MA holds) X is sequentially compact. 
It was shown above (see Example 10) that first countability number, metrizabil- 
ity number and cardinality coincide for some Cantor cubes. Now we can extend 
this result to almost all Cantor cubes. 
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Theorem 29. Let X be the Cantor cube of weight T, where r > w. Then fc(X) = 
m(X) = 2’ if 
(a) cf(7) > w; or 
(b) 2” = 2’ for some h < r; or 
(c) cf(r) = w and 2’ < 2’ for each A < r and the Singular Cardinals Hypothesis 
holds. 
Proof. Since the character at each point and weight coincide in Cantor cubes, in 
view of the above theorem, we only need to consider case (b). So let 2’ = 2’ for 
some h < T. Then h+< r and 2”+= 2’. Since the Cantor cube DA+ embeds into 
the Cantor cube D’, fc(D’) > fc(@‘). From case (a), 2”+= 2’= fc(DA+). There- 
fore, fc(D’) > 2’ and so fc(D’) = 2’. q 
Corollary 30. Let r > w and let (X,: (Y < r} be a family of compact Hausdorff 
spaces such that for each (Y < r, x(X,> G 7 and I X, I > 2. If r satisfies either one of 
three conditions (a), (b) or (c) of the above theorem, then fc(lJ{X,: a < 7)) = 2’. 
Proof. Let X = n{X,: cr < 7). Since D’ embeds into X, by the above theorem, 
fc(X) > 2’. Also, X is a compact Hausdorff space and X(X) < 7. Therefore 
1 X 1 < 2’. Thus fc(X) < 2’ and so fc(X) = 2’. q 
A compact Hausdorff space is called dyadic if it is a continuous image of a 
Cantor cube D’. 
Theorem 31. Let X be a dyadic space of weight 7, where cf(r) > w. Then fc(X) = 
m(X) = 2’. 
Proof. It is known that a dyadic space of such weight contains a copy of the Cantor 
cube D’ (see, for example [5, Theorem 31). Hence fc(X) > 2’. Since I X I G 2’, 
fc(X) = 2’. 0 
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